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Giardenfors’ Belief Dynanics

I nt roducti on:
Peter Girdenfors’ (1988) book Knowl edge in Flux: Mdeling the Dynamics of

Epi stenmic States focuses on nodeling the belief changes of an idealized

rati onal agent. In chapter three of this work he introduces a set of axions
purporting to describe the expansions, contractions and revisions of beliefs
of this agent. The present paper will first give a brief overview for the
axi ons presented for expansions and sone nore general postul ates used

t hroughout his text. It will next discuss each of these in turn, discussing
each’s plausibility in light of formal and factual considerations.
Particularly close attention will be paid to a notion of ninimality which
Girdenfors develops; this notion is sufficiently problematic to nerit a

section on its own.

Section One: Expansion Axi ons Overvi ew

In order to understand the axions for expansion, one first nust | ook at the

background formal nachinery which is being used by Girdenfors (1988).

Chapter two introduces the basis of the nodel he will be using, nanely the
belief set and its contents. A belief set is sinply a set of propositions
assuned to be fornalized in a fashion nuch |ike a standard propositiona

| ogic, and gives an overvi ew of synbols he uses, which | have tried to
faithfully reproduce as nuch as possible. He introduces the synbols Tand to
represent “truth” and “falsity”" mainly to discuss what he calls the absurd
belief set. This is a” belief set containing a contradiction, and hence, as we

shal | see, ‘everything possible’ . Beliefs are represented in this |ogica

' Gardenfors also clains (pg. 21-22 1988) that these are not truth values. It
is not clear to me what “truth” and “falsity” are if not truth values. Even an
extreme relativist will accept that they are; she will just sinply deny all of

the traditional ways they get assigned.

> Actually, as we shall soon see, all absurd belief sets are identical on the
assunption of l|ogical closure of belief sets.



| anguage, and collections of them formbelief sets. He then introduces the
three attitudes he is considering that an agent nay have towards any
particul ar “belief-sentence” A A can be in the particular agent’s belief set;
he calls this acceptance. A nay al so be rejected by the agent, which is to say
that the agent believes -A>. Finally, A may neither accepted nor rejected by

the agent: A is indeterm ned.

Since Girdenfors is dealing with rational* agents alone, there are three
postul ates to govern this assunption of rationality. These are that the
sentences accepted by an agent are to be logically consistent, and that
| ogi cal consequences of what is accepted should al so be accepted. This has the
side effect of creating (denunerably) infinite belief sets once an agent has a

non-enpty belief set®. (I stress this as it will be inportant later.)

Girdenfors calls these the postul ates of infornational econony and the two
postul ates of rationality. The informational econonmy postul ate can be stated
as: when changing the contents of belief sets one ought to change as little as
possi bl e. This higher-order postulate is supposed to notivate several of the
nore substantive axions (in particular nunbers three and five of the set of
expansi on axions). The two postulates of rationality are that as far as
possi bl e, belief set consistency is desirable, and that all |ogica

consequences of beliefs in a given belief set are also in that set.

Girdenfors also stresses that each belief is accepted to the sanme degree of

1 note in passing that this may prove problematic if one is an intuitionist

inlogic - Girdenfors assunes throughout that 0--A o A

* That is, logically rational agents alone - Girdenfors does not draw any

di stinctions between possible neanings of rationality. It could be argued that
Girdenfors is acting prematurely by starting nodelling with a logically

rati onal agent and not a semantically rational agent. See Bunge 1999, entry

“rationality”, for the ordering of eleven distinct notions of rationality.

® Proof: Assune a belief set K={a}. This belief set, by the logic Girdenfors
allows to govern the belief states (pg. 24) pernmits the followi ng derivation
ada. Hence, the agent can derive by the deduction theoremodaca and so on to
acaca, etc, each a |ogical consequence of the single belief hence also in the
new belief set, ad infinitum For a slight possibility that there could be a

nondenunerably infinite belief set, see footnote 10.



credence (“probability””). The renai ning sections of chapter two concern other

possi bl e nodel s of belief states; they need not concern us here.

In chapter three the axions for belief changes are presented within the
framework of belief sets developed in chapter two. Expansion is represented as
a function fromthe cartesi an product of the belief set and the set of
setences. Six postul ates govern the behavi our of this function, synbolized
“+", These are as follows, using his synbolismof letting |<; represent

“belief set Kis expanded by belief sentence A’. Let H also be a belief set.

1. K; is a belief set. In other words, belief sets are closed under

expansi on.

2. AI]K;. I.e. the input “A” to a belief set under expansion can sinply be

vi ewed as the sentence which “produces” the expansion

3. KO K;. The set of all beliefs prior to an expansion is a subset of the
new belief set. In other words, expansion does not cause an agent to “l ose”

any beliefs.

4. ALK - K= K;. An existing belief within a belief set K being added to K

does not change K

5. KOH - K,OH,. This postulate insures that if two agents with belief
sets H and K are such that one believes everything that the other did and
possi bly then some, this relation still holds after each expands by A

The final postulate for expansions alone is:

6. For all belief sets K and all sentences A |<; is the smallest belief set

that satisfies 1-5 above.

® “Subj ective probabilities” have their share of problens (see, e.g., Bunge
1996, 1999), and Gardenfors would be correct to stay clear of this “hornet’s
nest”. It is not problematic to survey the literature on the subject, as he

does, of course.



Now t hat we have seen the six expansion postul ates and three nore genera
ones, we shall now turn to a discussion of these. Postul ates one through five
will be taken up here; postulate six will be taken up in the third section of

t he present paper.

Section Two: Discussion of Postul ates

This section consists of a brief discussion of each of the first five of

Girdenfors’ postulates, particularly in light of the three general postul ates.

Postul ate one seens to be relatively straight forward and require little
commentary. Postulate two and three are a bit problematic. Girdenfors’ nodel
assunmes that all beliefs are equally accessible or subjection to revision’ to
the agent; there are not even any “hinge propositions” a la Wttgenstein
(1969) or “tenporary foundations” & |a Bunge (1983)°% | regard this as too
much of an idealization for the nodel to have nuch use. A purely |ogica

agent, even one who does have access to all the |ogical consequence of her own
beliefs (as Girdenfors’ second rationality postul ate proposes), cannot even
act, as the decisions one nakes are not nornally |ogical, though of course
they (usually?) presuppose logic. Note that this point holds no matter how
“bar e- boned” one’s nodel of belief dynamics is supposed to be, as it nakes the

whol e enterprise of dynanmi cs sonewhat enpty.

The gist of this is that |ogic alone can never be the basis for what specific

" One need not not hold that one’s “npst inportant” beliefs are | east subject
to revision, as is comonly held, in order to have “revisability” rankings.
Concei vably one could have beliefs that are harder to revise because they are
“harder to bring to menory” or the like. (This could even include “require
nore blood to the brain than is available right now - conceive of a drunk -
who cannot change her beliefs as easily as soneone sober - for sonething |ike

t hat reason.)
® | use these two exanples as they are what one nmight call “foundations

wi t hout foundationalisni. Bunge’'s thesis is that certain postul ates are
transient and revisable but are still pragmatically, norally, and especially
epi stemol ogically justificatory of other beliefs. He feels that this captures
t he nodel of science well; hence the viewis part of his account of scientific
realism Wttgenstein's hinge propositions are a sort of “ordinary |anguage”

version of this sane thesis, at |east on one reading.



beliefs to reject; that’'s why the “never |osing any beliefs by expansion”

maxi mand its associ ated postulates is unrealistic. Consider the case of
someone who has two basic beliefs® Put K={A-B,-B} as this set. Now, the

agent encounters “A’. Should she believe it? This is not a natter of logic, in
general. (It would be if the belief under consideration were about | ogic,

whi ch presents an interesting self-reference problen® of sorts that | need

not go into.) We expand her belief set to {A-B, -B, A} then draw the | ogica
consequences, producing a pair of inconsistent beliefs {B, -B}. She can

reject' A then, reject -B, or she can reject A-B. There's no logical reason

for any of these choices. Hence saying that ‘expansion’ does not require

del eti on of anything does not work because it nay require sone in order to
mai ntai n consi stency'®. This requires updating all |ogical consequences in
such a way as that this “no deletions” axiomis violated. As we have seen
Girdenfors has asserted that the agents nodel ed by his system believe all the
| ogi cal consequences of their beliefs, thus producing an (countably) infinite
set of beliefs. In fact, changes caused by an update of the sort discussed

above, then, would cause an infinite nunber of deletions, the apparent

° | amusing “basic beliefs” as the set of beliefs of an agent which is a

m ni mal set of beliefs necessary to derive all and only the other beliefs of
the agent logically. (Note in particular that in the case of an agent with the
absurd belief set, a single contradiction suffices.) As | amgoing to take
issue with Girdenfors’ use of mnimal later, this use should be kept in mnd
particularly the fact that it is not unique. Proof: Put K= {a-b}. Then by
contraposition one can expand to get K={a-b;-b--a} which allows us to nake
another mniml set K={-b--a}. There is a problemw th this notion which I

will discuss later, but it has intuitive appeal, so | make use of it here.

“In particular, the problemwould arise if the logic that governed the

structure of the belief sets was itself a subset of beliefs contained in the
belief set, i.e. if the agent had access to her own (logical) belief
mechani snms as part of her beliefs. (Fo exanple, the agent believes that her

beliefs are closed under nobdus ponens, and they are or are not so closed.)

" Here “reject a belief o’ neans “convert o to undetermined” or “accept -a”
Not hi ng hi nges on the choice.

It may be argued that this would require an iterated update of sorts - that

after every expansion a revision process has to occur. This possibility is
acceptable, but it reduces sone of the axions for expansion to be sonmewhat
pointless if this revision process were to occur “imediately”, as it nust to
avoi d having the agent “pollute” her belief set by imediately drawing all the

consequences froma contradi ction produced.



i nconsi stency or “weak point” in Girdenfors’ account noted above on a grand

scal e.

This is where the postulate of informational econony di scussed above seens to
reflect sonething of my first intuitions on the matter. However, the idea that
one shoul d change the bare m ni mum necessary is of course trivially fulfilled
in this case, as one can sinply reject what was recently added to one's belief
set. In the above exanple, this suggests our agent should just drop “A”
However, this does appear unsatisfactory for several reasons, not the |east of
which is the epistenm c conservatisminvolved in always dropping the
potentially new belief addition to save consistency at all times. It appears
to nme at this stage that there is no general way or principle by which one
coul d decide what to accept and what to reject in each case w thout having
credences associated with at |east sone of the beliefs in the belief set. (Any
principle that said “believe what is necessary and no nore!” would be an

uni nformative way of stating such a principle in the absence of an expl anation
of “necessary”.) Note also the problemw th dropping in general. If a belief B
is in not sone belief set K, an agent undergoi ng |<g will in general add an

i nfinite nunber of new beliefs along with this one, so in what sense
“mMnimality” is to play a role here is unclear. See section three below for an

exploration of the minimality issue in another context.

Postulate four is fine (granting the assunption that beliefs are binary and
have no credences associated with them of course). Postulate five is
worrisome for the same reason that postulate three was. |If we have two agents
adding to their belief sets, both of which are consistent to begin w th, but
both introduce a belief that allows an inconsistent set to be generated®® no

| ogi cal decision can be made on what to subsequently delete to restore

consi stency. Hence it is prina facie possible that one agent will delete nore
beliefs to regain consistency than and another, and thus del ete enough so that

the belief set containment relation that was held previously is reversed™

“® I'n other words, the raw belief plus the new | ogical closure “cause” the

i nconsistency. This is different froman agent who's belief set is (e.g.) K=
{A} then expands by -A
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Exampl e: Put K = K,= {a-b; -b} as one way of expressing the basic beliefs



This brings us to the worries about the mninalismof postulate six.

Section Three: Problenms with Postulate Six

Postul ates three and five are not the only place where the infinite nature of
belief sets gets Girdenfors in trouble. There is in addition a conflict with
postulate six and the logical closure axiom Since all belief sets are
infinitely large, it is not inmrediately obvious in what sense “mninmality” is
to be ascribed to belief sets. Girdenfors hinself (section 3.5, pg. 66) that
sone sort of information-theoretic notion could be used. W shall briefly see
that this of f-handed suggestion is at best inconplete. Hence we shall | ook at
two other ways in which to understand this postulate. Cardinality is one way,
but as previously stated, the cardinality of all belief sets is O, This
entails that a direct conparison of size is not apt. Nevertheless there is a
possi bl e avenue to explore here which may have occurred to sonme whi ch expands
on the notion of a basic belief set explored in section two of the present
paper, but is plagued with problens of a different character. W shall also
exam ne a “subset conparison” nethod which seens to work and capture sone of

Girdenfors’ intended views, but is rater ad-hoc.

Section 3.5 of Girdenfors 1988 di scusses briefly Girdenfors’ views on his term
“m ni mal change”. He wites that information-theoretic notions can be used to
di scuss expansi ons and del etions frombelief sets in a “probabilistic”

context. There are two problens with this view One is that he has not as yet
made his nodel “probabilistic”; the second concerns how exactly one coul d
apply information theory (I1T); without details (and none are found in chapter
5, either, where he discusses IT again briefly.) this is just a promse for
future work. (A skeptic might point out that the notion of using subjective

probabilities in place of objective ones in IT appears sonmewhat dubious™.)

(this termis defined in footnote 5 above) of two agents. Cearly K OK, as
required for the fifth expansi on postul ate. Then expand each belief set by a;
it follows that each agent may revise differently. Suppose K , rejects the new
a after all; so still K = {a-b; -b}. But K,gets rid of the conditional and
now believes {a, -b}. But now, after the expansion (precisely because

expansi ons nmay require other nodifications to belief sets in order to save

consi stency), K 0O K,

* Subj ective probabilities used in an I T context woul d make the information



Hi s ot her proposal, for non-"probabilistic” contexts involves conmparisons of
size. W shall see, below, that this does not work. The present author has
nothing further to say on these proposals as there is nothing further
substantive on themavailable. | will nowturn to two possibilities Girdenfors

does not consi der

As we have seen, if one introduces the notion of basic belief set (footnote 9

above), one can try to use this notion to conpare belief set size. This
requires an additional general postulate for the whole system (not nerely to
expansi ons) of belief dynanmics Girdenfors has devel oped. This new postul ate
woul d be that the basic belief sets under consideration would be finite. This
latter restriction is not quite as innocuous as it sounds. Often tines one

m ght associate infinite sets of basic beliefs with a god or (perhaps)

Lapl ace’ s denmon and hence pointless to consider in a discussion of human
bel i ef dynami cs. But depending on the formof beliefs within the set, it is
not too inconceivable that sonme | owy humans have an infinite nunber of
beliefs in some sense as well. Consider a human al one, out in the
intergalactic void. She “looks out into infinity” past the end of her arm and
sees “how far out it goes”. Does she now believe that “nothing at |ocation x,

x+h ...

This does not seemlikely, but it does pose the question of how
beliefs are to be represented to avoid these sorts of worries. One could argue
that the agent need not believe each of those sentences; one would sinply have
to believe “nothing fromhere on”, or at |least “nothing in sone spatia
interval [x, x+0x].” If the latter is a continuous interval (see note 15

bel ow) then even the latter involves an infinite nunber of potentia

content of the system concerned (here, the belief set) subjective as well,
whi ch seens dubi ous.

" First, | selected the intergalactic void exanple to show that there need

not be nmuch of anything at all (just her body!) in the world around an agent
to bring this intuition to |ight.

Second, if one does not think spacetine is discrete, as | have inplied, this
creates an even graver problem and one that | think is rather absurd - the
possibility of someone with a nondenunerable infinity of beliefs. (Probably
Lapl ace’s denmon in a continuous world would have such, as it may very well be
able to predict the exact gravitational/mgnetic/electric field produced by
sonething at any tine, and certainly omiscient gods would, as well.)
Girdenfors could presumably try and overcone this problem by asserting that
because he has concei ved of each belief as a sentence there can only be *at

nost’ a countable infinity of them



bel i ef s*’.

Assumi ng, then, that one can avoid infinite basic belief sets by whatever
nmeans, then there is in principle appears to be a way to discuss mninmality
using the notion of the cardinality of set after all. This method woul d work
as follows in the context of axiom 6 above: if two possibilities exist for
expandi ng an agent’'s belief set, and one (say, the first) involves a snaller
basi c belief set than the other after the expansion, then the principle of

m ni mal change suggests the first set be the new belief set.

However, there is a grave problemwth this at first glance very plausible
suggestion. Since Girdenfors has (1988, pg. 25) defined a generalized
conjunction over infinite sets of propositions, all basic belief sets can be

reduced to a singleton' assuming they are not nondenunerably infinite.

Thi s suggests that the notion of mininality as understood in a basic belief
set sense is rather useless. So | will nowturn to a set-inclusion notion of

mnimlity.

This idea is as follows. A belief set Kwith beliefs {b, ... b} is the
minimal belief set of beliefs b, to b, if for all belief sets Hincluding b,
b, K O H Then uniqueness of this set is a problem One exanple noted
previously is that {a - b} #{-b --a} and yet in sone sense the two belief
sets are equivalent. One could also have the belief set {-(a & -b)} and any

nunber of others which even use different connectives'. This suggests the

" The way of stating the latter brings out yet another worry that one mi ght
have about Girdenfors’ project nore generally that | have no time to devel op
in the present paper. This concerns nore semantic inferences between beliefs,
and where one draws the |line between semantic inference and purely | ogica

i nference. Girdenfors has stated that the belief sets he is considering are
governed only by first order |ogic, but suppose an agent believes (inter alia)

2+2=4 and (say) Peano arithnetic. Do they then believe that 3+2=5? 4+2=6?

18

Proof: start with some allegedly minimal belief set K= {a;,a, ..., a}. Then
by conjunction one can conbine each belief pairwise until one has K = {a, &
a, & ... &a}l.

19|

note in passing that psychol ogical data (see Medin and Ross 1997)
suggests that we do not “carry” our beliefs in propositional form because we
are notoriously bad at interconverting anongst equival ent |ogical forms.



following ad hoc solution to guarantee uni queness of mninmal belief sets in
the set-inclusion sense. First restrict the connectives in which beliefs can
be stated, e.g. to - and -. Then one also needs to nake sure that no
redundancy is present; certain |long belief sentences (e.g.: (p - (p - p)))
are tautologically equivalent to shorter ones; reduce all to their shortest
formkeeping in mind the mniml connectives. Performthis for all possible
bel i ef sets under consideration; each one will then be sinplified and ni ni mal
in a sense that is sonething |ike what Girdenfors seens to have in mnd. Hence
when conparing mninmality of belief sets one should performthis operation
then check cardinalities of the resulting belief sets. If the belief sets are
of the sane size, they are equivalent, and we have thus saved Girdenfors’
mnimality at the cost of its purported uni queness. A nethod that overcones
the ad hoc nature of this proposal and retains its “spirit” is not currently

known to the present author.

Concl usi on

W& have noted several interrelated possible confusions and shortconings in
Girdenfors’ account of expansions and several possible ways to clean up sone
of them G ven the general nature of the problens, it does seemlikely that
simlar difficulties plague the other axioms he presents. Hence it seens
sonmewhat i npl ausi bl e that he has successfully captured even a basic account of

bel i ef dynami cs.
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