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Turing's Analysis of Conputation (Part 1: Historical |nfluences)

I nt roduction
As is well known Turing's epochal 1936 paper (Turing 1936. Al

page references to Turing hereafter are to this docunent unless

ot herwi se stated) was one of several papers fromthat tinme to
provi de an analysis of conputability. Since this analysis was done
in the context of providing a (negative) answer to one specific
probl em (the Entschei dungsproblem it is inportant when
understanding the limtations and features of Turing's analysis to
keep in mnd this intended goal .

The present paper discusses the background to Turing' s paper in
order to get a grasp on the intellectual climte that surrounded
his argunent. It is not the goal of the present author to show
that these specific works had a direct influence on Turing; we are
i nstead concerned with the general intellectual climate in |logic
and nmetamat hematics that woul d have greeted his proposal. Thus we
may even exam ne what Herbrand's work has in common with Turing's
despite the fact that Herbrand did not live to see Turing' s paper.

In particular, this paper exam nes the historical context for
Turing's problemand shows that many of his contenporaries' views
on mat hemati cs and the phil osophy thereof are consonant with the
features of Turing' s paper that made it unique. These, as noted by
Sieg (1994) are those grounded in the limtations and abilities of
t he agent performng the conmputations in question, but are not
[imted to such. After Sieg | shall call this agent the
"computor."”

The predecessors and contenporaries of Turing | will discuss are:
Hi | bert and Bernays, Ackermann, Herbrand, Gddel, Church, Rosser,

Kl eene, Lowenheim and Post. This paper thus has 6 sections. The
first of these will discuss Hilbert, Ackermann and Herbrand. As we
shal | see these are of a kind; fromthat we can nove to Gidel

Godel stands between what mght be called the "Hilbert school"” and
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the "Princeton School" of Church, Rosser and Kl eene, and thus gets
his own section. The Princeton school follows in its own section

| shall also briefly discuss Post and Léwenheim who fall sonewhat
outside this scheme and get a brief section each.

The Hil bert School and Turing

G ven that Hilbert hinself formulated the first decision problens,
it is not terribly surprising that his own understandi ng of

mat hemati cs shoul d play a substantial role in their resolution.
Despite the fact that Turing hinself was not literally a nenber of
the Hi |l bert school, we shall see that the "formalist" character of
the H |l bert school is adopted in sone details by Turing.

| start by exam ning key philosophical clainms by Hilbert (1925) in
his address "On the Infinite." As the title of the address
suggests, Hilbert is concerned therein with the nature of the
infinite. In particular, he is concerned with how we conme to know
about it. Hlbert's notivations are thus broadly speaking

epi stenol ogi cal in character. Hi s suggestion that we consider the
infinite a fagon de parler is the first feature Turing is to
adopt. Turing's conputors too are finitistic in character in three
ways. One is that they may only nmake use of a finite nunber of
internal states (i.e., Turing's states of mnd: pp. 136); a second
is that they may only use (at any given tinme) a finite anmount of
scratch nenory (tape) (pp. 117). Third, they may only take a
finite amount of time and steps to produce their answer. This | ast
feature is returned to again by Hlbert in his discussion of the
di fference between infinite and unbounded. The tape or paper used
by the Turing conputor is unbounded in Hilbert's sense.

As is well known, Turing's conputors are determnistic. This too
is brought up by Hilbert in the context of his discussing rules of
inference. He tells us that these should be finitist processes

t hat produce the same result each tinme they are applied in a given
context. This is exactly parallel to Turing' s requirenment that he
anal yse only what he calls "automatic" nmachines (pp. 118). Not
only does this restriction nake Turing's rules determ nistic, but
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they can thus be seen also as a rule of inference. This is because
they are rules of the form"if X then Y' where the conditional is
understood as expressing a rule of replacenment or whathaveyou and
X and Y are well specified. Later on (pp. 375-6), Hilbert returns
torules of inference. He tells us that these nust be reliable.
This too is adopted by Turing, whose conputor's rules'
applicability are to be nechanically perfornable and free from
error.

Curiously, however, there is a bit of difference between Hil bert
and Turing here as well. Turing wites (118, enphasis added):

"For some purposes we might use machines (choice machines or cimachines)
whose motion is only partially determined by the configuration (hence the use of the
word "possible” in §1). When such a machine reaches one of these ambiguous
configurations, it cannot go on until some arbitrary choice is made by an external
operator. This would be the case if we were using machines to deal with
axiomatic systems. In this paper | deal only with automatic machines, and
therefore often omit the prefix a-."

If Hlbert takes hinself as elucidating formal systens (in the
sense of axiomatic, above) then Turing has disagreed with one key
part of his presentation. Hilbert would say that the formal system
shoul d not be anbiguous in the way that Turing enphasi zes above.

At the very least we can say that Hilbert and Turing are not using
"axi omatic" and "formal" in the same respects.

Anot her feature of Hilbert's discussion is its understandi ng of
the goal of mathematics. Hilbert tells us we do not want our

mat hemati cal systens to be nerely free fromcontradiction; we al so
want themto exhibit success. The parallel in Turing here is his
enphasis on the outcone of well defined procedures. The conputor
reaches a definitive answer if one can be found by it (assum ng of
course that it has been "programmed" correctly). The conputer
cannot answer "Maybe" or "Qutl ook hazy, try again later"” to the
probl em posed to it. (It is not clear to ne whether Hilbert would
have accepted a procedure that possibly "l oops forever" as an
acceptabl e wel |l defined procedure. Such are clearly acceptable to
Turing.) Another way of |ooking at this parallelismis through the
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reflection principle. I.e., Hilbert suggests if that we have a
proof of ¢ in sone formal system then ¢. This is parallel to

Turing showing us that if we have a conputational procedure for
producing ¢, then ¢. Hence, a proof of the reflection principle is

parallel to Turing's argunent for the powers of his machines.

On page 376, Hilbert introduces what would be to sone

mat hemat i ci ans a shocking feature of his views. He tells us that

it is necessary that in order to do mathematics (and not get

caught up in the dangers of the infinite), the mathematician nust
be able to survey certain concrete objects. This feature has
several analogous roles in Turing's work. It plays a role in the
use of the paper or tape that the conputor uses as an aide

menoi re. The synbols on the tape are concrete, discrete and
sufficiently different fromeach other, and thus easily
surveyabl e. The conputor's rules are also to be simlar: as noted
previously Turing tells us that it should be unanbi guous whi ch one
is to apply at any given stage of a conputation (pp. 118 and 136);
thus the rules have to be well specified and surveyable too. (It
is true that Turing says the rules need not be witten down per
se, but we can assune that "surveyabl e" can include "surveyable in
the mnd' s eye" or simlar internal capacities of the conputor.)

Hi | bert's met hodol ogi cal and epi stenol ogi cal suggestions al so
anticipate the Turing (and Gidelian) results that there is no
uni form procedure for solving all mathematical problens. Hilbert
says quite explicitly (pp. 384) that he expects this negative
nmet anat hematical result® .

Finally (for our purposes), Hilbert discusses how to define
functions in his system He tells us that we ought to define
functions by substitution and recursion. This (understanding the
species of recursion in the right way) is how Turing' s conputors

''It strikes nme that this speaks agai nst the usual presentation of Gidel as
striking a bl ow against the Hilbert formalist school with his inconpleteness
t heorens, but that is another story for another tine.
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al so "define" or represent functions (pp. 141).

Bernays' 1927 is called an appendix to Hilbert's |lecture (above)
with good reason. For our purposes it is inportant to note that it
antici pates another inportant result in conputational procedures.
If a schema of induction is taken to be simlar to a search
procedure, Bernays' proof that his process termnates after a
certain nunber of steps is parallel to the estimation of the
running tinme of an algorithm It is fromthis sort of

consi deration we can see that Turing (or Post; see below)'s
process for doing sonmething is inefficient. W thus can

di stingui sh between correctness and the further requirenent of
efficiency.

Ackermann directly builds on Hilbert's ideas as well. W now turn
to his contributions.

The parallels between Turing and Ackermann's (1928) work are not
nearly as inportant as those between Turing and Hil bert, and not
as critical as the connections between Lowenheim (or Post) and
Turing. Nevertheless, there is one feature that is worth noting.
This is a remark on the nature of primtive functions. Seem ngly
i nnocuous, it has has deep significance’. Ackermann tells us (pp.
496 and pp. 501) that certain functions cannot be defined by
recursion and that we have to start with certain functions as
given, e.g. the successor function. The parallel in Turing are the
sinpl e operations the conmputor can perform (pp. 137). Turing and
Acker mann bot h enphasi ze these "given" operations to avoid an
infinite regress.

It is inportant to note, however, that Turing' s operations need
not be understood as functions in the strict sense, in so far as
t hey involve marks on paper and so forth. If we look at their
“meani ng" (not necessary for Turing's analysis) then they may
correspond to Ackermann's primtive functions, because as noted
above (in the section on Hlbert) Turing's rules are

> Sonme of which will not be brought up until this work's sequel.
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determ nistic. Hence they have single results for a given input
and state which corresponds nicely (and deliberately) to the
singl e-val ued nature of the notion of function in nmathematics
pr oper.

It is not of course necessary that Turing's primtive operations
correspond to the successor function Ackermann uses as a starting
poi nt .

Herbrand is also very nuch in the Hilbert tradition. H's work on
proof theory (1931) is evidence of that. That said, it should cone
as a surprise that nmuch of what is common to Herbrand and Turing
has al ready been di scussed earlier. However, section 6A of his
1931 certainly does have an inportant role to play in the work of
Turing's which is to followit. Here Herbrand discusses the

i mportance of the earlier parts of this work for the decision
problemitself! In particular, he resolves the decision problem
for certain specific cases. Thus it is pretty clear that Turing's
anal ysi s should not contradict Herbrand' s. For instance, Turing
woul d know his analysis was wong if it suggested that no cases of
t he deci sion problem were deci dabl e.

Now t hat we have net the Hilbert school, we nmust nove slowy
towards Princeton and the Church school. But standing in the
mddle is Gidel. We now exam ne his significant contributions on
our thene.

Gddel and Turing

Turing's work is often conpared to Gbdel's nasterpiece (1931).
This conparison is with good reason; there are nmany substanti al
points of simlarity between the two works. Here we focus on those
having to do with our thene; there are others having to do with

t he mat hemati cal results each paper produces.

The first of these is found in Gidel's first sentence. He wites
(pp. 596):
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"The development of mathematics towards greater precision has led, as is well
known, to the formalization of large tracts of it, so that one can prove any theorem
using but a few mechanical rules.”

The above passage nentions formalization (and by extension,
mechani zation). Turing's conputor is nechanized in the sense that
it is not allowed to be "creative"” in any way, nor is it allowed
to deviate fromthe rules (and state space) it is given at the
begi nning of its operation.

Godel al so enmphasi zes the finitist character of his objects of
concern. He tells us (pp. 597) that the results he has found apply
not just to Principia Mathematica (PM or Zermel o- Fraenkel (ZF)
set theory, but indeed to any systemthat results fromthose two
by adding a finite nunber of axions. If one takes the Hil bert
formalist line seriously (which is of course not to say that Gide
or even Turing did) then the axions of PM (or ZF) do have the
character of the collection of rules in Turing's system Along the
sane |ines, Gidel's nmechani zed proofs are anal ogous to sequences
of conputations. This counterpart is all the nore striking when
one recalls that Gddel was able to code such proofs as sequences
of natural nunbers; Turing' s coding of Turing machi nes so that

t hey can be parsed by the Universal Turing machine is parallel

(pp. 154 ff).

Further, Gidel's paper al so discusses in sonme detail (pp. 602 ff)
definitions by recursion and substitution simlar that we have
already net in Ackermann. W need not repeat ourselves here.
However, there is one specific devel opment of Gddel's here that is
inmportant. This is the devel opnent of what m ght be called "search
functions” in the formalismhe devel ops. These allow one to
formal i ze search problens |ike |ooking for the | east nunber that
sati sfies sone expression, applying the characteristic function of
a particular set on a putative elenent, and so forth. The

Ent schei dungsproblemis such a problem and so the ability to
represent nore than "ordinary calculation" (i.e. nore than just
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addition, nultiplication and so forth)® in formal systens is thus
critical for Turing s work. Gbdel even gives a formnal
characterization of decidable. Needless to say, this concept is
central to Turing' s paper. Again the details of inplenentation are
not inportant; the showing that it can be done is.

Turing hinself also conpares his work to that of Gbdel. He tells
us that if the contrary to the results of the inconpl eteness
theorens it woul d have settled the Entschei dungsproblemin the
positive.

Anot her paper of Gidel's which is of sone inportance for
understanding Turing's work is his 1936. Here Gbdel discusses a
famly of formal systens Sj. Each of these systens have certain

functi ons which are conputable. These are anal ogous to each of the
Turing machi nes; the S1 system Gidel describes is anal ogous to the
uni versal Turing machi ne because it conputes any function
conputable in any of the Sjs. This is also of note because Gidel
uses this fact to remark that there is a disanal ogy between proofs
and prograns. As he says (pp. 83):

"Thus, the concept ‘computable’ is in a certain sense 'absolute,’ while practically other
familiar metamathematical concepts (e.g. provable, definable, etc.) depend quite
essentially on the system with respect to which they are defined.”

Finally, we have sone remarks by Gidel after the fact (see Gide
1964) on his views of Turing's work. He tells us that "mechanica
procedure” in his work is shown to be equivalent to that of a
"Turing machine" (pp. 72). Gidel also tells us that the question
of whether there are any non-nechani cal procedures is not settled
by Turing's anal ysis.

von Neumann was one of those responsible for bringing Godel's work

® O course, these search functions (etc.) get reduced to arithnetic ones, but
that is not the issue. In fact, that they get reduced such is handy, because
that reduces the nunber of primtive operations needed by Turing' s conputor,
and hence makes the process it perfornms "nore nechanical.”
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to Princeton. As has already been pointed out by Sieg (1994), von
Neumann was convi nced that the decision problemcould not possibly
be solved in the affirmative. Nevertheless, one of the first to
continue on from Gidel 's insights was Church, to which we now
turn.

The Princeton School: Church, Rosser, Kleene's influence on Turing
In his (1935), Church uses one of our key ternms "effectively” in
an inmportant way. He uses the termas an antidote to triviality.
On pp. 89, he wites (enphasis added):

"There is a class of problems of elementary number theory which can be stated in
the form that is required to find an effectively calculable function f of n positive
integers such that f(x,X,,...,X,) =2 is a necessary and sufficient condition for the truth
of a certain proposition of elementary number theory involving x;,X,,...,x, as free
variables.

An example of such a problem is the problem to find a means of determining of any
given positive integer n whether or not there exist positive integers x,Y, z, such that

X" +y" =Z". For this may be interpreted, required to find an effectively calculable
function f, such that f(n) is equal to 2 if and only if the there exist positive integers

such that x" +y" =z". Clearly the condition that the function be effectively
calculable is an essential part of the problem, since without it the problem
becomes trivial."

Church is suggesting that solutions to these problens nust be
effective in the sense they nust give us an answer to the question
inafinite amount of tinme. Wiile it is true that Turing |l ater
will add to this notion to further refine the notion, we have a
key expression of part of his understanding here in Church.

Anot her feature that is inportant here is the rephrasing the
guestion to be investigated in terns of evaluating a function. As
we have noted (in our section on Gidel), this nmakes it possible to
set up precise rules by which questions can be investigated, a
detail vital to Turing s work.

However, as has been noted by Sieg (1994), there are limtations
in Church's analysis that Turing was to overcone. One of these is
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in his footnote 10 (pp. 95). Here he responds to a possible
objection froma critic conplaining that an algorithm he supplies
is not effective. Here he connects "effective" with
"constructive."” This is interesting, but alas also unfortunate, as
he tells the reader that:

"What the criterion of constructiveness shall be is left to the reader."”

It is also interesting that this remark is made in the context of
what we would now (in, e.g., Avigad 2002) call "unbounded search.”
Church describes a procedure that may not termnate. This

i ntroduction of partial functions (another way to view this
concern) is later critical in Turing when he introduces circle-
free and circul ar machines (pp. 119).

O course, an even nore interesting part of Church's paper is the
noti on of |anbda definability he introduces. This is interesting
in connection with Turing's work for two reasons. First, it
attenpts to give a precise characterization of "effectively
cal cul abl e", a task Turing hinself was to attenpt in his own
paper. Second, it illustrates (like Gddel's 1931) the great power
of coding. In particular, it shows that even integers can be
coded; they need not be taken as primtive. (Some of this can also
be found somewhat in Hilbert (1926, pp. 377), where he suggests
that 1 be a synbol for I, 2 a synbol for Il, etc. where the I, 11,
are marks on paper. Second, it raises the question of
universality. Church (tries to) shows that there is a | anbda
expression that cal cul ates any effectively cal cul able function. A
uni form procedure in one sense is thus found. However, Turing was
able to go one step further, and "conbine" all the uniform
procedures into one further uniform procedure, the Universa
Turing Machine. O course, later, it was shown that there is
i ndeed a universal |anbda expression: the Y-conbinator. But that
was not done at this tine is critical. Turing' s universalismis
t hus an advance over Church's admrable effort.

Church, in his section 7 (pp. 100-102), nakes a further discussion
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of effective calculability. There are several key features of this
part. First, is that Church is giving a definition of effective
calculability herein, rather than "nerely" an analysis. He tells
us to sinply identify "effectively cal culable function" wth
"recursive function” and wth "l anbda definable" where this
notion is as devel oped earlier in the paper.

Second, Church says that a function is effectively calculable if
there is an algorithmthat conputes its values. Here "al gorithnt
shoul d be taken as a pretheoretic notion. He notivates this
suggestion by showi ng how one can build up effectively cal cul able
functions out effectively cal cul able steps. The use of atomc
steps will also be crucial for Turing, as we have al ready noted
above in our discussion of Ackermann.

Third, Church introduces the notion of "rules of procedure" which
consi sts of expressions obtainable from axi ons gi ven sone
denunerable list of operations. This is analogous to Turing' s |ist
of rules, which also uses a denunerable |ist of operations and
finite applications of these operations.

Church's 1936 paper is also sonewhat inportant; this paper reaches
the sanme result as Turing's though by a different nmeans. This is
not terribly inportant for the intellectual climte concerns we
are discussing, except in so far as it supplies the usual "sanity
check” on Turing's argunent.

Kl eene's 1935, like Church's fromthe follow ng year (see above)

al so i ntroduces sone undeci dabl e problens, as well as recursive
definitions of functions and many ot her comon features we know by
now. Kl eene discusses the fact that determ ning which systens of
equati ons define recursive functions is not recursively
enunmerable. This, as is well known now, is connected intimately to
Turing's diagnalization argument over Turing machi nes. As he says
on pp. 248:

"The definition of general recursive function offers no constructive process for
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determining when a recursive function is defined. This must be the case, if the
definition is to be adequate, since otherwise still more general 'recursive' functions
could be obtained by the diagonal process."

Kl eene al so stresses the difference between primtive and genera
recursive as well as their relation to functions that are
recursive sinpliciter. Having these various notions on the table
is inportant for Turing to give precise characterization of the
power of his conputors.

Rosser was also a key figure in what we have called the "Princeton
school "; he was later (1939) to informally expound sone of Gddel
and Church's results. Mre inmportantly for our purposes is his
1936 paper which directly deals wth the Entschei dungsprobl em

Here we find several key aspects on our thenme. The first of these
is his stress on Kleene's distinction between general and
primtive recursive functions. The second of these is his
agreenent with Church that we should identify "effective
calculability" with one of our exact notions: in Rosser's case it
is wth the general recursive functions. Rosser also proves a
version of the non-decidability of the decision problem H s proof
is, as mght be surm sed, nmakes essential use of the notions of
recursive functions we have nmentioned. We thus have anot her
constraint upon Turing here: anything he devel ops nust be

transl atable into the | anguage of recursive functions in order
that his results agree with those of Rosser. A final inportant
contribution on our subject that Rosser makes is the weakeni ng of

Godel "s results to only require consistency, rather than w-

consistency. This is inportant, for as is well known, there is a
strong connection between Turing's negative solution to the

deci sion problem and the Gbdelian results. This nodification of
Gddel 's results by Rosser also "lower the bar" for Turing. By only
requiring consistency, in principle this could | ower the

requi rements for Turing' s own proofs.

Now t hat we have net the two "schools" and their bridge, the fina
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two sections before our conclusion concern two inportant but
peri pheral figures, Loéwenheimand Post. W devote a section to
each in the foll ow ng.

Lowenhei m and Turing

Lowenhei m (1915) introduces the Entschei dungsprobl em and provi des
a solution of it for the special case of the singular predicate
calculus with identity. For that reason alone he is an (if not the
nost) inportant predecessor of Turing. However, there is very
little else in his paper beyond this of direct relevance to our
theme. It should, however, go without saying that Turing's results
nmust "reduce" in sonme way to Lowenheimis in the [imt of the

si ngul ar predicate cal cul us.

Post and Turing

The connections between Post (1921) and Turing are inportant. Post
gives via his (then new) method of truth tables an exanple of an
effective procedure, and further one that solves a paralle

deci sion problemfor the case of propositional |ogic thereby. The
truth table nethod for solving this decision procedure is quite
well known. It sinply consists in assigning to each propositiona
letter in turn each of the two truth values and seeing if the
truth function is thereby satisfied. Features of this procedure
that are inportant as far as Turing is concerned are: (a) it is
finitistic: each propositional fornula is conposed of a finite
nunber of elenentary propositions, so all conbinations of their
possible truth values is thereby also finite; (b) it is effective
in the sense that it can be done w thout understanding®. In fact,
Post uses "+" and "-" as truth values - one need not even know t he
nmeani ng of what the two values are; (c) it also shows that
feasibility of a decision procedure is not inportant. Since the

* Now of course we know this because we can easily programa conputer to
perform Post's algorithm At the time, however, it is interesting to note that
soneone mght well have clained that it wasn't mechani cal enough: perhaps
because it required recognition of some kind or other. Even syntactic
recognition is not as mechanical as one mght think, or could be, and that's
enough to drive the possibl e objection.
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“running time" of the Post algorithmis exponential in the nunber

of elenmentary propositions, it takes an awmfully long time for even
very sinple conpound propositions to be checked, particularly for

a human, as Post obviously has in mnd. Note, however, that these

features are not actually discussed by Post hinself.

Post al so stresses the formal character of what he is proving
results about (pp. 266):

"Finally, a word must be said about the viewpoint that is adopted in this paper and
the method that is used. We have consistently regarded the system of Principia and
the generalizations thereof as purely formal developments, and so have used
whatever instruments of logic or mathematics we found useful for a study of these
developments.”

Turing's own devel opnent is parallel in a certain way. He is able
to prove results about general features of the Turing machi nes

wi t hout regards to specific details of the functions they conpute
(pp. 132-134).

Concl usions and Future Directions

From t he above sections we can extract several recurring thenes
fromTuring's intellectual zeitgeist that played an inportant role
in the devel opnent of his epochal paper. Mst of these are
summarized in the table below (see over, figure 1). Italics denote

Turing's termnology. | do not nmean to suggest that these notions
are only found in the author given, just that they are key points
for Turing' s purposes in that author's work. | take "Turing s use"

as he m ght have understood it, too, in particular when it cones
to effective conputation.

Now t hat we have seen what Turing built upon, a future project is
to see how these notions play a role in constraining any nodel of
computation that would claimto be a counterexanple to his

anal ysis of conmputation. (O, slightly nore contentiously, what
woul d count as a counterexanple to the Church-Turing thesis which
was |later to "devel op” out of these notions we have sketched.)
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Not i on

Sour ce

Turing' s Use

Deci si on probl ens Hi | bert Resol ved one in the negative

Finitary reasoning H | bert Computor is finitary

Det ermini stic Hi | bert Conputer is automatic

Success as goal in math Hi | bert Wl | defined results that
produce unanbi guous results

Concr et eness Hi | bert Comput er makes use of nmarks on
paper

Broad notion of recursion [Hilbert Functions cal cul abl e by
conmputor are recursive

el | defined decision Post Shows that there is none for a

procedur e gi ven deci si on probl em

Feasibility of procedures |Post Comput or very inefficient but

not inportant "gets the job done eventual | y"
(if the job can be finished)

Formal devel opnent Post Conput ation procedure anal yzed
wi thout regard to meaning

Primtive operations Acker mann Wite a synbol; nmove a square
left or right

Mechani zat i on Godel Comput or behaves mechani cal |y,
is not "creative"

Codi ng Godel Conput ati on sequences

Previ ous cases of deci sion|Herbrand Allows that restricted

probl em predi cate cal cul us be
deci dabl e

Ef fective calculability Church Anal yzed this pretheoretic
notion

Unternm nating search Church Gircul ar nmachi nes

pr ocedur es

Lanmbda cal cul us Chur ch Arival to his own analysis of
effectively cal cul abl e

I ntegers need not be Church Marks on paper in arbitrary

primtive not ati ons

Negative solution to the [Church Need to agree with Church or

Ent shi edungspr obl em have cl ever argument to show
why he's wong

Wi ch systenms equations Kl eene Di agonal i zati on over Turing

define recursive functions machi nes

is not recursively

enurer abl e

CGeneral vs. prinmtive Kl eene Strongest possible "effective"

recursive conputors

Figure 1 - Tabl e of
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